We solve the generalized Hyers-Ulam stability problem for multidimensional EulerLagrange quadratic mappings which extend the original Euler-Lagrange quadratic mappings.
Introduction
In 1940, Ulam [1] proposed, at the University of Wisconsin, the following problem: "give conditions in order for a linear mapping near an approximately linear mapping to exist." In 1968, Ulam proposed the general Ulam stability problem: "when is it true that by changing a little the hypotheses of a theorem one can still assert that the thesis of the theorem remains true or approximately true?" The concept of stability for a functional equation arises when we replace the functional equation by an inequality which acts as a perturbation of the equation. Thus the stability question of functional equations is "how do the solutions of the inequality differ from those of the given functional equation?" If the answer is affirmative, we would say that the equation is stable. In 1978, Gruber [2] remarked that Ulam problem is of particular interest in probability theory and in the case of functional equations of different types. We wish to note that stability properties of different functional equations can have applications to unrelated fields. For instance, Zhou [3] used a stability property of the functional equation f (x − y) + f (x + y) = 2 f (x) to prove a conjecture of Z. Ditzian about the relationship between the smoothness of a mapping and the degree of its approximation by the associated Bernstein polynomials.
Above all, Ulam problem for ε-additive mappings f : E 1 →E 2 between Banach spaces, that is, f (x + y) − f (x) − f (y) ≤ ε for all x, y ∈ E 1 , was solved by Hyers [4] and then generalized by Th. M. Rassias [5] and Gȃvruţa [6] who permitted the Cauchy difference to become unbounded. The stability problems of several functional equations have been extensively investigated by a number of authors and there are many interesting results concerning this problem. A large list of references can be found, for example, in [7] [8] [9] and references therein.
We note that J. M. Rassias introduced the Euler-Lagrange quadratic mappings, motivated from the following pertinent algebraic equation
Thus the second author of this paper introduced and investigated the stability problem of Ulam for the relative Euler-Lagrange functional equation
in the publications [10] [11] [12] . Analogous quadratic mappings were introduced and investigated through J. M. Rassias publications [13] [14] [15] . Therefore, these mappings could be named 
holds for all vector (x 1 ,...,x n ) ∈ X n , where a := (a 1 ,...,a n ) ∈ R n of nonzero reals, and n ≥ 2 is arbitrary, but fixed, such that 0 We recall some basic facts concerning quasi-Banach spaces and some preliminary results.
Definition 2.1 (see [24, 25] ). Let X be a linear space. A quasinorm · is a real-valued function on X satisfying the following:
(1) x ≥ 0 for all x ∈ X and x = 0 if and only if
for all x, y ∈ X. In this case, a quasi-Banach space is called a p-Banach space. Clearly, p-norms are continuous, and in fact, if · is a p-norm on X, then the formula d(x, y) := x − y p defines a translation invariant metric for X, and · p is a phomogeneous F-norm. The Aoki-Rolewicz theorem [24, 25] guarantees that each quasinorm is equivalent to some p-norm for some 0 < p ≤ 1. In this section, we are going to prove the generalized Ulam stability of mappings satisfying approximately (1.3) in quasiBanach spaces, and in p-Banach spaces, respectively. Let X be a quasinormed space and Y a quasi-Banach space with the modulus of concavity K ≥ 1 of · . Given a mapping f : X→Y , we define a difference operator D a f : X n →Y for notational convenience as
which is called the approximate remainder of the functional equation (1.3) and acts as a perturbation of the equation, where a := (a 1 ,...,a n ) ∈ R n of nonzero reals, and n ≥ 2 is arbitrary, but fixed, such that 0
Lemma 2.2 [23] . Let Q : X→Y be a Euler-Lagrange quadratic mapping satisfying (1.3) . Then Q satisfies the equation
for all x ∈ X and p ∈ N, where 0 
for all x 1 ,...,x n ∈ X, and the inequality
holds for all x ∈ X, where
The mapping Q is given by
Proof. Substitution of x i = 0 (i = 1,...,n) in the functional inequality (2.4) yields that
Thus we note that if m < √ K, then ϕ(0,...,0) = 0 by the convergence of Φ(0,...,0), and so f (0) = 0. Substituting
for all x ∈ X. In addition, replacing x i by a i x in (2.4), one gets the inequality
..,a n x m 2 (2.14)
for all x ∈ X. From this inequality and (2.12) as well as the triangle inequality, we get the basic inequality
for all x ∈ X. By induction on l ∈ N, we prove the general functional inequality
for all x ∈ X and all nonnegative integer l. In fact, we calculate the inequality
for all x ∈ X. It follows from (2.5) and ( a 1 x,. ..,a n x
for all x ∈ X. Therefore, the mapping Q near the approximate mapping f : X→Y of (1.3) satisfies the inequality (2.7). In addition, it is clear from (2.4) that the following inequality
holds for all x 1 ,...,x n ∈ X and all l ∈ N. Taking the limit l→∞, we see that the mapping Q satisfies the equation D a Q(x 1 ,...,x n ) = 0, and so Q is Euler-Lagrange quadratic mapping. LetQ : X→Y be another Euler-Lagrange quadratic mapping satisfying the equation
and the inequality (2.7). To prove the before-mentioned uniqueness, we employ (2.4) so that
hold for all x ∈ X and l ∈ N. Thus from the last equality and inequality (2.7), one proves that
for all x ∈ X and all l ∈ N. Therefore, from l→∞, one establishes
for all x ∈ X, completing the proof of uniqueness. for all x 1 ,...,x n ∈ X, and the inequality
..,a n x
Proof. We note that if m > 1/ √ K, then ψ(0,...,0) = 0 by the convergence of Ψ(0,...,0), and so f (0) = 0. Using the same arguments as those of (2.12)-(2.17), we prove the general functional inequality
for all x ∈ X and all nonnegative integer l > 1, where
The rest of the proof goes through by the same way as that of Theorem 2.3. for all x 1 ,...,x n ∈ Ꮽ, and
Remark 2.6. We remark that in Corollary 2.5 the case p = 2 is not discussed. The EulerLagrange type quadratic functional equation (1.3) is not stable as we will see in the following example with n = 2. This counterexample is a modification of the example contained in [26, 27] .
Let us define a mapping f : R→R by
where the mapping ϕ : R→R is given by
Then the mapping f satisfies the inequality
for all x, y ∈ R, but there exist no Euler-Lagrange quadratic mapping Q : R→R, and a constant b > 0 such that
for all x ∈ R.
In fact, for x = y = 0 or for x, y ∈ R such that x 2 + y 2 ≥ 1/4(1 + a Then one has 4 k−1 x 2 < 1/4|a i | 2 , 4 k−1 y 2 < 1/4|a i | 2 , and so and hence
for each n = 0,1,...,k − 1. Thus we obtain, using (2.42) and (2.45), 2 is locally bounded, the mapping Q is of the form Q(x) = cx 2 , x ∈ R for some constant c [28] . Hence one obtains
for all x ∈ R. On the other hand, for m ∈ N with m > b + |c| and x ∈ (0,1/2 m−1 ), we have 2 n x ∈ (0,1) for all n ≤ m − 1, and so for all x 1 ,...,x n ∈ Ꮽ and
for all x ∈ Ꮽ. for all x 1 ,...,x n ∈ Ꮽ, and the inequality
for all x ∈ Ꮽ.
Stability of (1.3) in Banach modules
In the last part of this paper, let B be a unital Banach algebra with norm (3.4) for all x ∈ B M 1 . Furthermore, suppose that f is measurable, or for each fixed x ∈ B M 1 , the mapping f (tx) is continuous with respect to t ∈ R. Then for any continuous linear functional L defined on B M 2 , let Φ : R→R be given by Φ(t) := L Q(tx) (3.5) for t ∈ R, where x is fixed. Then Φ is a quadratic mapping and, moreover, is also measurable since it is the pointwise limit of the sequence
Hence it has the form Φ(t) = t 2 Φ(1) for all t ∈ R [7] . Therefore, one obtains that for each fixed x ∈ B M 1 and all t ∈ R,
which implies the condition Q(tx) = t 2 Q(x), ∀x ∈ B M 1 , ∀t ∈ R. (3.8) 
